I. INTRODUCTION
HE field of metallic metamaterials has demonstrated spectacular experimental progresses in recent years. One of the main driving forces in the field of metallic metamaterials is the potential usage of these materials in nanoantenna, nanosensing, and plasmonic devices [1] [2] [3] [4] [5] . In most literature works, the Drude model is commonly used for analyzing the electron gas (plasma) in metals at optical regime; however this approach does not account for the nonlinear and nonlocal electromagnetic responses. Owing to this limitation, the Drude model has been termed the local-response approximation (LRA) model. However, the experimental and fabrication techniques associated with metallic metamaterials are becoming Xiong) increasingly sophisticated, which allows for an exciting investigations on a very small length scales and/or under the condition of very high-power condition. In these situations, the LRA model with the local response becomes inaccurate and even incorrect. In the regimes of small scale and high power, nonlinear and quantum effects may lead to unusual physical phenomena [6] [7] [8] [9] . For example, when an electromagnetic wave strongly interacts with an metallic metamaterial with a versatile geometry, the wave can couple to free electrons near the metal surface resulting in a normal linear response and inherent nonlinear optical behavior [10] [11] [12] (generating fundamental and high-order harmonics). These nonlinear optical effects are promising for optimizing metamaterials used in detection, sensing, electromagnetic sources, and quantum information.
A full quantum treatment of the situation, such as density functional theory (DFT), would be the best approach [13] . However, owing to computational limitations and a high number of electrons within the metallic metamaterials, such a fully quantum mechanical model is limited to very small nanoparticles. For "large" plasmonic systems, the quantum approach becomes very demanding. Alternatively, a classical electrodynamic framework with suitable approximations and improvements could be used. For instance, a perturbative treatment of local polarization by the hydrodynamic model allows to obtain the generation of high-order harmonics in metals using a quasi-Fourier transform [14] , [15] .
Inspired by the above observations, a non-perturbative and universal Maxwell-hydrodynamic model has been proposed to investigate the nonlinear and nonlocal effects. A self-consistent finite-difference time-domain (FDTD) method was used here with the multiphysics model to simulate the interaction between electromagnetic waves and electron gas in metallic nanostructures. The proposed time-domain model fully considers the linear and nonlinear dynamics of the electron gas and does not rely on the experimentally measured bulk and surface nonlinear susceptibilities. The proposed model can also be potentially used for investigating other quantum effects. Compared to the Maxwell-hydrodynamic model in previous literatures, our model has the following differences and advantages. First, our model is based on the classical time-domain FDTD approach and the hydrodynamic equation is solved nonperturbatively. In contrast to the time-domain approach, the alternative frequency-domain approaches such as boundary element method (BEM) and finite element method [16, 17] compute the nonlinear response relying on the results of perturbation theory; and the density of electrons is treated as homogeneous. Second, specified interpolation techniques are proposed, which is essential to capture the fundamental conservation laws of charge, energy and angular momentum governing the high-order harmonic generation. Third, different from other models [18, 19] showing some inconsistences, our model produces consistent results with analytical models in literatures [20] . Four, both linearly and circularly polarized excitations are successfully implemented, which is important to understand versatile selection rules of second-harmonic generation (SHG). Finally, the numerical aspects of the proposed model including accuracy, convergence and stability are analyzed in detail. This paper is structured as follows. The proposed approach's numerical framework is introduced in Section II. In Section III, the linear response of metamaterials is first calculated and the result is compared with the classical Drude model. Then, nonlinear responses of a standard gold nanosphere and a variety of metasurfaces are presented. The numerical results demonstrating that the Maxwell-hydrodynamic model can be used for simulating the high-order harmonics in metallic metamaterials. Moreover, the model also demonstrates a powerful potential for investigating the characteristics of second harmonic radiation for the metasurfaces with different symmetries.
II. COMPUTATIONAL METHOD

A. Electromagnetic-Hydrodynamic Model
The interaction of electromagnetic fields E and H with an arbitrary nonmagnetic (metallic) material can be described by
where ε 0 and μ 0 are the vacuum permittivity and permeability, P is the polarization. To investigate the dynamics of electrons in a metallic/plasmonic system, the hydrodynamic model [21] is adopted
where ) , ( t n r and ) , ( t r v are the time-and position-dependent electron density and velocity, γ is the phenomenological damping frequency (capturing optical loss), e and m are the electron charge and mass, respectively, and p is the quantum
, evaluated according to the Thomas-Fermi theory [22] . Equation (3) is an Euler's equation representing the force balance on a fluid element, while equation (4) is the current continuity equation, ensuring the conservation of charge. The nonlinear terms ⋅∇ v v, v×H, and nv underlie the physical origins of the nonlinear and nonlocal effects. The quantum pressure term can be ignored for metallic metamaterials with a typical size larger than 10 nm. Maxwell's equations (1-2) and hydrodynamic equations (3) (4) are coupled through the polarization term P, which can be expressed as the velocity
Equations (1)- (5) provide a self-consistent formulation of free electron gas in plasmonic systems. Both nonlocal and nonlinear effects can be considered using the self-consistent formulations.
The multiphysics equations can be numerically solved by employing the FDTD method [23] - [27] , which has been extended to model nonlinear and nonlocal effects in dispersive media.
B. The Computational Grids
To numerically model the transient problem in the plasmonic systems, we used the Yee grids to maintain charge conservation and divergence-free condition as shown in Fig. 1 . The electric field E and electron density n are defined at the time step l+1/2 and are respectively located at the grid face center and grid center, respectively. The velocity v and magnetic field H are defined at the time step l and located at the grid face center and the grid edges, respectively. With the central spatial difference and with the explicit time stepping, the equations for updating the x components of the physical quantities of E, H, v, and n are given by
. (9) where the overbar notations correspond to spatial and temporal averaging. For example, the quantity
is the spatial and time average of
. The discrete equations for the y and z components can be derived in a similar way.
C. Stability Condition of the Method
In general, the stability of the FDTD scheme can be analyzed by finding the roots of the corresponding growth matrix. Regarding the FDTD method, the stability condition obeys the Courant-Friedrichs limit (CFL) .
Unfortunately, the matrix roots for the coupled Maxwell-hydrodynamic system are difficult to obtain in a closed form [28] . The system amplification matrices also cannot be trivially found or defined for the nonlinear coupled system including the four variables { , , , } 
The above is nothing but the linear Drude model for metals. After modeling many complex metallic nanostructures under a long-term simulation, we found that the hydrodynamic model
was stable within the commonly used CFL condition in the FDTD method. Physically, the nonlinear terms, which produce much weaker nonlinear response than the linear one, do not significantly affect the stability condition of the FDTD method with the linear Drude model.
III. NUMERICAL RESULTS
A. Linear Response
In a recent paper, we outlined a computational method for investigating the loss compensation and photoluminescence spectra of the metamaterials and a four-level atomic gain media coupled system [29] . The Drude model was used to simulate the plasmonic metamaterials, and can only be used for investigating the linear and local properties of these materials. In this section, the developed self-consistent Maxwell-hydrodynamic equations are utilized for calculating the optical properties of plasmonic metamaterials. The parameters used were the same as the parameters in [29] . The initial electron density n0 was obtained from the plasma frequency ωp of the Drude model . We computed the transmission spectra of a metasurface, and validated the self-consistent model by comparing it to the Drude model, and the results are shown in Fig. 2 (a) . Here, we show the results for a periodic array of complementary split ring resonators (CSRRs) with a lattice constant of D = 540 nm sandwiched between a glass substrate and a polymethyl methacrylate (PMMA) layer. In the FDTD scheme, the probe source was an x-polarized or y-polarized Gaussian pulse signal, propagating in the z-direction. The source was introduced using the total-field and scattered-field (TF/SF) technique [30] . The configuration for the FDTD method is illustrated in Fig. 2(c) . Perfectly matched layers (PMLs) were set to be in the z direction and periodic boundary conditions are employed in both the x and y directions. The temporal evolutions of the transmitted and reflected fields were recorded in the two planes in the total field region and scattered field region, respectively. Next, the data were Fourier-transformed for determining the complex transmission t(ω) and reflection r(ω) coefficients in the frequency domain. The results were calculated by adopting uniform spatial steps Δx = Δy = Δz. The convergence of the model was validated by using different spatial steps, from 5×10 -9 m through 2.5×10 -9 m to 1×10 -9 m. In Fig. 3 , we show the simulated transmittance
and absorptance A(ω)=1-T(ω)-R(ω)
spectra as functions of frequency. In Fig. 3 , dotted lines indicate the spectra obtained using the Drude model, while the other lines are the spectra obtained using the Maxwell-hydrodynamic model with different spatial steps. One can see that the results obtained using the proposed method are in good agreements with those obtained using the Drude method. In addition, the results obtained using our method are comparable to the experimental results in [31] .
B. Characteristics of Nonlinear Response
In this section, we study the nonlinear response from a metallic nanoparticle to demonstrate that our model is a rigorous and universal approach. As a case study, we consider the nonlinear scattering from a 20-nm-radius (R = 20 nm) gold sphere, illuminated by a cosine-modulated Gaussian pulse. The parameters of gold were chosen as n 0 = 5.98×10 . The three-dimensional computational domain is shown in Fig. 4 ; in this system, the PMLs were 
imposed in the x, y, and z directions. The incident pulse was an x-polarized plane wave that propagates in the z direction, with a fundamental carrier frequency f0 = 577 THz and a temporal width τ = 10 fs. The settings of the pulse were chosen for ensuring significant separation of second and third harmonic spectra from fundamental spectra. The maximal peak intensity of I0 = 9×10 18 W/m 2 was selected to ensure a stable and significant nonlinear process. The spatial and temporal steps were Δx = Δy = Δz = 1.25×10 -9 m and Δt = 1.5×10 -18 s. The temporal offset was t0 = 3τ and total simulation time was T = 7τ. Fig. 4 . Layout of the simulation of nonlinear optical scattering from a gold nanosphere illuminated by a strong lasing pulse. Figure 5 shows the Ex component of the scattered field and the fluctuating electron intensity ΔN=n-n 0 on the nanosphere surface, as a function of time. We measured the Ex component of the scattered field at a blue probe point, as shown in the bottom inset of Fig. 5 . Meanwhile, the electron density on the surface of the gold nanosphere was recorded at the red probe point, as shown in the bottom inset of Fig. 5 . In the nonperturbative model, the total electron number is conserved with time, as shown in the top inset of Fig. 5 . The total electron N total is the sum over the electron density on all of the Yee grids within the nanosphere region. To characterize the generation of high-order harmonics, we Fourier-transformed the time-dependent scattered field in Fig.  5 . Both second-harmonic and third-harmonic spectra were detected, as shown in Fig. 6 . To further validate our method, we varied the fundamental pump power to investigate the power-dependent nonlinear harmonics. The peak intensities of the second and third harmonics are plotted as functions of the quadratic and cubic power of the fundamental intensity, respectively (Fig. 7) . Figure 7 demonstrates that the intensity of the nonlinear harmonics can be satisfactorily described by the power dependence on the fundamental intensity, with second and third power dependence for the second and third harmonics, respectively. Our model captures a correct energy conversion relation between the fundamental pump and high-order harmonics. To determine the accuracy and convergence of our method for modeling the second harmonic waves, the radiation pattern corresponding to the second harmonic radiation of the gold sphere in Fig. 5 was also calculated using the near-to-far-field transformation technique [30] and compared to the corresponding analytical solution [20] . Spatial increments were uniform and were 10 nm, 5 nm, 2.5 nm, and 1.25 nm. Figure 8 shows the calculated diagram for the second harmonic radiation, for different scenarios of spatial step, as well as the analytical solution (black curve), at a frequency f = 770 THz along the E-plane. It is worth noting that the linear radiation power in the forward and backward directions is the strongest, as seen in the right inset of Fig. 8 . However, the second-harmonic radiation power vanishes in both the forward and backward directions. The unusual angular response of second harmonics is a direct consequence of the rotational symmetry of the sphere with respect to the propagation axial of the fundamental incident wave.
Besides the hydrodynamic model, boundary element method (BEM) is an alternative approach to model the SHG from metals, which has been developed by our group [17] . In contrast to the hydrodynamic model that only needs two input parameters (initial electron density and damping frequency), the BEM needs the surface nonlinear susceptibility of metals relying on the experimental data. At Appendix A, we show that the hydrodynamic model results agree with the BEM well. The main deviations between the two methods lie at the side lobes of the second-harmonic radiation patterns. Because for the centrosymmetric metals, the BEM only considers the dominated surface nonlinear sources and ignores the small bulk nonlinear sources for the SHG. We used two error criteria to evaluate the accuracy; these criteria were the mean absolute error and the global relative L 2 error. The errors, the required memory and the CPU time are listed in Table 1 . As shown in the Table 1, (12) where h i is the spatial step. At least three computations were required where 
C. Perfectly Matched Layer for Higher-Order Harmonics
The PML technique is an efficient tool to solve "open" problems and absorb outgoing waves at a broadband. Here, we used the split-field PML technique that was proposed by J. P. Berenger [32] . In this technique, each component of electromagnetic fields is split into two subcomponents in the absorbing boundary regions. In our 3D simulation, the six electric and magnetic field components yield 12 subcomponents in the Cartesian coordinates. The discretized E xz subcomponent in the PML region was 
Here, σy is the local electric conductivity at (i, j+1/2, k+1/2) in the PML region. To demonstrate the absorbing property for a nonlinear beam, we considered electromagnetic wave scattered by a 400-nm-radius gold sphere (the material parameters of gold were set as before). The sphere was illuminated by a point source. A Gaussian pulse at the driving frequency of 385 THz was generated by the point source, with a temporal width of 6 fs and electric field peak amplitude of E0,max = 1.0×10 13 V/m. The parameters of the point source were chosen to obtain satisfactory separation between the scattered linear and nonlinear harmonics in the frequency domain. The space was discretized by employing a FDTD lattice with Δx = Δy = Δz =20 nm, the time step was Δt = 3×10 -17 s and total time steps N = 2000. Ten-cell-thick PML layers were at the grid edges and were placed at a lattice distance of ten cells from the sphere, on all sides. This results in a 80×80×80 cell lattice. The electric field was recorded at a predefined point as shown in Fig. 9 . To investigate the nonlinear reflection error owing to the PML, we performed a reference simulation. In this simulation, the mesh was extended to 1920 cells at both the x, y and z directions, resulting in a 2000×2000×2000 cell lattice in a system without the PML. The fields were then excited using the identical source. The time-dependent fields are recorded at the same point before waves were reflected back by the truncated boundaries. The error relative to the reference solution was 
where χ is the frequency-domain field including the reflection error by the PMLs, χref is the corresponding reference field excluding the reflection error, and max denotes the maximal value.
The electric field profiles in the time domain and in the frequency domain are presented in Figs. 10 (a) and (b) . The reflection errors by Eq. (14) are illustrated in Figs. 11 (a-c) , respectively for the fundamental harmonics, second harmonics, and third harmonics around their central frequencies. It is demonstrated that the maximum error around the fundamental frequency is on the order of -63 dB. Around the central frequencies of the second and third harmonics, the errors are on the order of -41 dB and -27 dB, respectively. 
D. SHG for Circularly Polarized Pulses
In this section, we numerically verified our model by calculating the nonlinear response for metasurfaces with different rotational symmetries. The results were compared to the selection rules of SHG in the Appendix B and experimental results [33] . In fact, the selection rules indicate angular momentum conservation in the process of SHG, which is a powerful law for analyzing the second harmonic response of metallic nanostructures with rotational symmetries.
The metasurfaces were arranged periodically in the xoy plane and were illuminated by a circularly polarized beam propagating along the z axis (i.e., symmetry axis). The cross-sections of the triangle nanorod, L-shape, and cylinder in the xoy plane are shown in Fig. 12 . The dimensions of the unit cells are indicated in Fig. 12 also. The thicknesses of the metasurfaces were 100 nm. The PMLs were used in the z direction and the periodic boundary conditions were imposed at both the x and y directions. The metasurfaces have the same lattice constant of 700 nm. The incident cosine-modulated Gaussian pulse was circularly polarized and propagated in the z direction as shown in Fig. 12(d) . The driving frequency, temporal width, and maximum amplitude were f0 = 380 THz, τ= 20 fs, and E0 = 10 10 V/m, respectively. In the FDTD simulation, we used a uniform grid with Δx = Δy = Δz = 1.25×10 -9 m, and a time step Δt = 1.5×10 -18 s. A computational domain of 560×560×400 grids and a total of 6.0×10 5 iterations were used. The total computational memory was ~24.9 GB. In the FDTD model, the spatial resolution of grids is 1.25 nm, which is typically smaller than the highest spatial resolution achievable in current fabrication technique (electron-beam lithography). However, the selection rules are not susceptible to geometric distortions; and our theoretical results agree well with the experimental ones (See Figs. 2 and 3 of the reference [33] ). Excited by the circularly polarized beam, the transmitted left-circularly polarized (LCP) and right-circularly polarized (RCP) components of the second harmonics are shown in Fig.  13 . The LCP and RCP components of the transmitted electric field in the FDTD method were separated by the method presented in Appendix C. Figures 13(a) and (b) show that for the triangle nanorod array, the polarization state of the second harmonics is almost flipped in reference to the fundamental 13 (e) and (f), the intensities for both polarized components were quite small compared with the two other cases. From the numerical experiments, the polarization states of the second harmonic beam can be controlled by a metasurface with a predefined symmetry group. The observation is of practical importance to nonlinear devices for detection, sensing, and optical manipulation. 
IV. CONCLUSIONS
In conclusion, we presented a self-consistent FDTD method for investigating both linear and nonlinear responses of metallic metamaterials. We have shown that the developed method enables to investigate nonlinear high-order harmonics from arbitrarily shaped metallic nanostructures and for different levels of pump excitation. We validated our multiphysics model by comparing it to the traditional Drude model and analytical model, and by demonstrating the exact power dependence for the second and third harmonics generated from a gold nanosphere. In particular, the polarization states of the second harmonic waves generated from metamaterials with a pre-defined rotational symmetry satisfactorily captured the corresponding selection rules. These findings are likely to be useful for the structural analysis of biological molecules [34] and spin-polarized photoemission spectroscopy [35] , which require circularly polarized emitters in the vacuum-ultraviolet frequency region. In future, a more accurate solution scheme of nonlocal and quantum effects can be developed by incorporating electron exchange correlations into our approach [36] .
APPENDIX
A. Comparisons between Different Models
To compare the hydrodynamic model to other existing schemes, the second-harmonic radiation pattern for a 100 nm radius gold sphere was calculated using the BEM. Figure 14 shows the calculated patterns. The sphere was illuminated by a plane wave at the frequency of 385 THz. The main deviations between the BEM and FDTD method lie at the side lobes of the second-harmonic radiation patterns. Regarding the centrosymmetric metals, the BEM only considers the dominated surface nonlinear sources and ignores the small bulk nonlinear sources for the SHG.
Fig. 14. Second-harmonic radiation pattern of a 100 nm radius gold sphere calculated by the boundary element method (BEM) and the proposed FDTD method. The computational configuration for the BEM can be found in our published work [17] .
B. The SHG Selection Rule
In this appendix, we present a powerful principle for analyzing the second harmonic response of nanostructures, and we use it to analyze the selection rules for a circular framework.
In the treatment, both second harmonic and fundamental waves propagate in the z direction. The normal of a N-fold rotational symmetric metasurface points in the z direction. In the Cartesian basis, an electric field can be written as E=E 
where n is an integer. This is the polarization selection rule for the second-harmonic process, for a metasurface with the N-fold rotational symmetry. For a fundamental incident wave propagating in the z direction, the parameters v, μ, and ρ are either +1 or -1. If the unit cell of the metamaterial has three-fold rotational symmetry N=3, only the combinations v=+1, μ=-1, ρ=-1and v=-1, μ=+1, ρ=+1 are allowed. For N>3, no combination of v, μ, ρ is allowed and SHG is forbidden. Thus, for the fundamental wave propagating along the rotational symmetry axis, the SHG is forbidden for the centrosymmetric cylindrical structures. In addition, in a mirror symmetric structure, we assume that the mirror plane is the x-z plane. The covariant unit vector operator at the mirror position of the unit vector ev yields 
According to Neumann's principle, the restriction on the SHG tensor can be summarized as ,
Therefore, the left-circular polarized wave is equal to right-circular polarized wave.
C. Circular Component in FDTD
For a transmitted second-harmonic wave illuminated by a z-directed circular excitation, complex amplitudes of electric fields in the frequency domain, and , can be divided into left-circularly and right-circularly polarized components, i.e., , , and . We assume , .
In the circularly polarized frame, we have = and = . Considering the phase delay between the left-circularly and right-circularly polarized components, the components and can be written as , .
By solving the linear Eqns. 
